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Abstract
The first author, in 2001, presented a structure for the Baer-
invariant of a nilpotent product of cyclic groups with respect to the
variety of nilpotent groups. In this paper, using the above structure,
we prove the existence of an Nc-covering group for a nilpotent prod-
uct of a family of cyclic groups. We also present a structure for the
Nc-covering group.
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To find an introduction and preliminaries, we refer the reader to see [2,3]
and [4]. The following notations are used throughout the paper.
Let {Ai|i ∈ I} be a family of groups where I considered as an ordered
set. For each i ∈ I, Li denotes a fixed Nc-covering group for Ai (if any) such
that the sequence 1→Mi → Li
νi→ Ai → 1 is exact and
Mi ⊆ Zc(Li) ∩ γc+1(Li) and Mi ∼= NcM(Ai),
whereMi is a normal subgroup of Li, Zc(Li) and γc+1(Li) are the cth terms of
the upper and the lower central series of Li, respectively, and NcM(Ai) is the
Baer-invariant of Ai with respect to the variety of nilpotent groups of class
at most c, Nc. Assume that A =
∏∗
i∈I Ai and L =
∏∗
i∈I Li are free products
of Ai’s and Li’s, respectively. We denote by ν the natural homomorphism
from L onto A induced by the νi’s. Also, the group
∏n∗
i∈I Ai will be assumed
to be the nth nilpotent product of Ai’s. If ψn is the natural homomorphism
from A onto Gn induced by the identity map on each Ai,
L =
∗∏
i∈I
Li
ν
−→ A =
∗∏
i∈I
Ai
ψn−→ Gn =
n
∗∏
i∈I
Ai −→ 1 ,
then we denote byHn the kernel of ψn and Pn the inverse image ofHn in L un-
der ν; Hn = kerψn & Pn = ν
−1(Hn) .We also putDc =
∏
∃j,µj 6=i[Mi, Lµ1 , . . . , Lµc ]
L
and Ec = D1 ∩ γc+1(L). Now, by a similar proof of Lemma 3.1 of [3] we have
Lemma A
(i) Hn = ν(Jn) , where Jn = γn+1(L) ∩ [Li]∗, ([Li]∗ is the cartesian sub-
group of the free product L =
∏∗
i∈I Li (see [5]).)
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(ii) Gn ∼= L/Pn , where Pn = ker(ψn ◦ ν) = (
∏
i∈IM
L
i )Jn .
By rewriting the proof of the main result of section 3 of [3] and noticing
that
NcM(Ai) ∼=
Mi ∩ γc+1(Li)
[Mi, cLi]
,
when Li is a free group and also paying attention to this fact that being free
for Fi’s is not necessary in the proof, we can state the following vital lemma.
Lemma B
By the above notation and assumption,
(i) If n < c, then
(
∏
i(Mi ∩ γc+1(Li))EcJc∏
i[Mi, cLi]Ec[Jn, cL]
∼=
∏
i
×Mi ∩ γc+1(Li)
[Mi, cLi]
⊕
Hc
[Hn, cA]
.
(ii) If n ≥ c, then
(
∏
i(Mi ∩ γc+1(Li))EcJn∏
i[Mi, cLi]Ec[Jn, cL]
∼=
∏
i
×Mi ∩ γc+1(Li)
[Mi, cLi]
⊕
Hn
[Hn, cA]
.
From now on, we assume that each Ai is cyclic, therefore its Baer-invariant
is trivial i.e Mi = 1 for all i ∈ I. Thus, we have Pn = Jn, Dc = Ec = 1.
By considering natural epimorphisms θn : L −→
L
[Jn, cL]
, we define
Sn = θn(L) and Pn = θn(Pn) .
Clearly
Sn =
L
[Jn, cL]
and Pn ∼=
Pn
Pn ∩ [Jn, cL]
=
Pn
[Jn, cL]
.
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Now, we are in a position to state and prove the main result of this paper.
Theorem
Let Gn =
∏n∗
i∈I Ai be the nth nilpotent product of cyclic groups Ai’s.
Then by the above notation and assumption, we have
(i) If n ≥ c, then the following exact sequence is an Nc-stem cover for Gn
1 −→ Pn
⊆
−→ Sn −→ Gn −→ 1 ,
i.e Pn ⊆ Zc(Sn) ∩ γc+1(Sn) and Pn ∼= NcM(Gn). In other words, Sn is an
Nc-covering group for Gn.
(ii) If n < c, thenGn is the onlyNc-covering group of itself whenNcM(Gn) =
1, otherwise, Gn has no Nc-covering group.
Proof (i) By Lemma A (ii), clearly
Gn ∼=
L
Pn
∼=
L/[Jn, cL]
Pn/[Jn, cL]
∼=
Sn
Pn
.
So the sequence 1→ Pn → Sn → Gn → 1 is exact. Since Pn = Jn, we have
[Pn, cSn] = [θn(Pn), cθn(L)] = θ([Pn, cL]) = θ([Jn, cL]) = 1 .
So Pn ≤ Zc(Sn). Also, since n ≥ c, Pn = Jn ≤ γn+1(L) ≤ γc+1(L). Therefore
Pn = θn(Pn) ≤ θn(γc+1(L)) = γc+1(θn(L)) = γc+1(Sn) .
Hence Pn ≤ Zc(Sn) ∩ γc+1(Sn). Moreover
Pn ∼=
Pn
[Jn, cL]
=
Pn ∩ γc+1(L)
[Pn, cL]
(since Pn = Jn and n ≥ c).
By Lemma 3.4 of [3], we have
Pn ∼=
Pn ∩ γc+1(L)
[Pn, cL]
=
(
∏
i(Mi ∩ γc+1(Li))EcJn∏
i[Mi, cLi]Ec[Jn, cL]
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∼=
∏
i
×Mi ∩ γc+1(Li)
[Mi, cLi]
⊕
Hn
[Hn, cA]
(By Lemma B and Dc = Ec)
∼=
Hn
[Hn, cA]
(since Mi = 1 for all i ∈ I)
∼= NcM(Gn) (By Theorem 4.1 of [3]).
(ii) If NcM(Gn) = 1, then by definition, Gn is the only Nc-covering group
of Gn. Now, let NcM(Gn) 6= 1. By definition of the nth nilpotent product
Gn =
A
[Ai]∗ ∩ γn+1(A)
.
Since Ai’s are cyclic, it is easy to see that γn+1(A) = [Ai]
∗γn+1(A) (see [5]).
Therefore Gn is a nilpotent group of class n. Hence, by Theorem 2.1 of [4],
Gn has no Nc-covering group. ✷
Note that the above theorem is a generalization of a result of Haebich [1,
Theorem 3.1].
Corollary
For any natural number n, there exists a nilpotent group Gn of class n
such that its Baer-invariant with respect to the variety Nc is not trivial and
has at least one Nc-covering group for all c ≤ n.
Proof. Let {Ai|i ∈ I} be a family of infinite cyclic groups and card(I) = m.
Then clearly the free product
∏
i∈I ∗Ai is a free group of rank m and the nth
nilpotent product
∏n∗
i∈I Ai = F/γn+1(F ) is a free nilpotent group of class n.
By definition, for any c ≤ n we have
NcM(Gn) =
γn+1(F )
[γn+1(F ), cF ]
=
γn+1(F )
γn+c+1(F )
6= 1 .
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Hence NcM(Gn) is a free abelian group of rank
∑n+c
i=n+1 αi where αi is the
number of basic commutators of weight i on m letters. Now, by the previous
theorem part (i) Gn has at least one Nc-covering group. ✷
Note that for any c > n, Gn is a nilpotent group of class n such that its
Baer-invariant, NcM(Gn) = γc+1(F )/γn+c+1(F ), is a free abelian group of
rank
∑n+c
i=c+1 αi and hence by the main theorem part (ii), has no Nc-covering
group.
Remark
The above corollary gives a partial answer to the question that arose in
[4] about the existence of Nc-covering group for nilpotent groups of class n,
when c ≤ n.
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